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The well-known Sendov conjecture asserts that if all the zeros of a polynomial p
lie in the closed unit disk then there must be a critical point of p within unit
distance of each zero. A method is presented which proves this conjecture for
polynomials of degree n F 8 or for arbitrary degree n if there are at most eight
distinct zeros. Q 1999 Academic Press
1. INTRODUCTION
If p is a polynomial then the Gauss]Lucas theorem states that all the
critical points of p lie in the closed convex hull of its zeros. The Sendov
conjecture involves the location of critical points relative to each individual
zero. More precisely,
Ž . n Ž .Sendo¤ Conjecture. If p z s Ł z y z is a polynomial with all itsks1 k
< <zeros inside the closed unit disk, then each of the disks z y z F 1,k
k s 1, 2, . . . , n, must contain a zero of p9.
Ž . n ŽThe constant ``1'' is best possible upon considering p z s z y 1 this
.and its rotations are suspected extremal polynomials . This conjecture
Ž .also known as Illief's Conjecture has been open since appearing in
w xHayman's Research Problems in Function Theory 8, Problem 4.5 in 1967. It
w x w xhas been verified for n s 3, n s 4 13 , n s 5 12 and, after a quarter
w x w xcentury, for n s 6 2, 9 and n s 7 3, 7 . It has also been verified for some
Ž w x.special classes of polynomials see Schmeisser 15 . The proofs for n s 5,
6, and 7 were obtained through slightly different estimates with some
involved computations. We present here a unified method for investigating
the Sendov conjecture. As an application, we prove the conjecture for
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polynomials of degree n F 8 and identify all extremal polynomials:
Ž . n Ž . < <THEOREM 1.1. If p z s Ł z y z , z F 1, k s 1, 2, . . . , n, andks1 k k
< < Ž .n s 2, 3, . . . , 8, then each disk z y z F 1 k s 1, 2, . . . , n contains a zerok
of p9.
COROLLARY 1.1. The only extremal polynomials for the Sendo¤ conjecture
Ž . n igfor n s 2, 3, . . . , 8 ha¤e the form p z s z y e , where g g R.
The technique used here to prove these results is based on obtaining
good upper and lower estimates on the product of the moduli of the
critical points of p.
2. KNOWN RESULTS
Let P denote the set of all monic polynomials of degree n of the formn
n
< <p z s z y z , z F 1 k s 1, 2, . . . , nŽ . Ž . Ž .Ł k k
ks1
with
ny1
p9 z s n z y z .Ž . Ž .Ł j
js1
Ž . < < Ž . Ž .If we define I z s min z y z , I p s max I z , andk 1F jF ny1 k j 1F k F n k
Ž . Ž . Ž .I P s sup I p , then the Sendov conjecture asserts that I P s 1.n pg P nn
Ž n Ž . .Since z y 1 g P , we know I P G 1. The Gauss]Lucas theorem givesn n
Ž . w xI P F 2. The best upper bound was given by Bojanov et al. 1 whon
Ž . Ž .showed that I P F 1.0833 ??? and that I P “ 1 as n “ ‘. It wasn n
w x Uproved in 13 that there exists an extremal polynomial p for each n G 2,n
Ž . Ž U . Ž . Ui.e., I P s I p s I z and that p has a zero on each closed subarcn n j n0
< <of z s 1 of length p . It will suffice to prove the Sendov conjecture
assuming p is an extremal polynomial. By a rotation, if necessary, we may
thus suppose that p g P and has the formn
ny1
p z s z y a z y z , 2.1Ž . Ž . Ž . Ž .Ł k
ks1
Ž . Ž . Ž . Ž .with 0 F a F 1 and I P s I p s I a . If a s 0 then I a - 1, hence pn
cannot be extremal. The case a s 1 is covered in the result of Rubinstein:
w x < < Ž .LEMMA A 14 . If p g P and z s 1, then I z F 1 and equalityn k k0 0
Ž . n igoccurs only for p z s z y e , where g g R.
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Ž . Ž . Ž . Ž . Ž . Ž . Ž .Since p9 a s q a and p0 a rp9 a s 2 q9 a rq a , where q z s
Ž . Ž .p z r z y a , we have
ny1 ny1
n a y z s a y z 2.2Ž . Ž .Ž .Ł Łj k
js1 ks1
and
ny1 ny11 2
s . 2.3Ž .Ý Ýa y z a y zj kjs1 ks1
< < < <Let r s a y z and r s a y z , for j, k s 1, 2, . . . , n y 1. By relabel-k k j j
ing we will suppose that
r F r , j s 1, 2, . . . , n y 1.1 j
Ž w x.It is known see for example 11 that
p
2 r sin F r F 1 q a, k s 1, 2, . . . , n y 1. 2.4Ž .1 kn
If a / 0 is real and w a complex number with w / a, then a useful
identity is
< < 2 21 1 w y a
Re s y . 2.5Ž .2½ 5a y w 2 a < <2 a a y w
Ž . ny1Ž 2 .In view of this identity and 2.3 , we will need estimates on Ý 1rrks1 k
which will be important later. To this end we will use:
w xLEMMA B 12 . If r , r , . . . , r , m, M and C are positi¤e constants with1 2 N
m F r F M, ŁN r G C and mN F C F M N, thenk ks1 k
2Nyn ny1N 1 N y n n y 1 m M
F q qÝ 2 2 2 ½ 5Cr m Mkks1
 j Nyj 4where n s min j g Z: M m G C .
Ž ww Ž N . Ž .xx ww xxNote that n s log Crm rlog Mrm , where x s smallest integer
.G x.
Ž . Ž .Define a n and S a, n for n s 1, 2, . . . , n y 1 asn n
1rnn
a n ’ y 1 2.6Ž . Ž .n ny1yn2 sin prnŽ .Ž .
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and
n y 1 y n n y 1Ž . Ž .
S a, n ’ qŽ .n 2 21 q a2 sin prn Ž .Ž .
2ny1yn ny12 sin prn 1 q aŽ . Ž .
q . 2.7Ž .
n
Ž . Ž .Note that for n G 4 and n s 2, 3, . . . , n y 1, we have a n - a n y 1 . Ifn n
Ž . Ž . ny1r G 1, then 2 sin prn F r F 1 q a and 2.2 implies that Ł r G n.1 k ks1 k
Apply Lemma B to get the estimate
ny1 1
m a ’ F S a, n , a n F a - min 1, a n y 1 . 2.8 4Ž . Ž . Ž . Ž . Ž .Ýn n n n2rkks1
Ž . Ž .Observe that a n y 3 - 1 and a n y 4 ) 1 for n s 5, 6, 7, 8. Hencen n
for n s 5, 6, 7, or 8 and r G 1 we have the estimates:1
S a, n y 2 , a n y 2 F a - a n y 3Ž . Ž . Ž .n n n
m a F ’ U a .Ž . Ž .n n½ 5S a, n y 3 , a n y 3 F a - 1Ž . Ž .n n
2.9Ž .
Ž . Ž .It follows from 2.3 and 2.5 that
1
2n y 1 y 1 y a m aŽ . Ž . Ž .na
ny1 ny12 1 n y 1
F Re s Re F .Ý Ýa y z a y z rk j 1ks1 js1
Ž . Ž . Ž .It follows that if r G 1, then m a G n y 1 r 1 q a . For n s 2, 3, or 4,1 n
Ž . Ž . Žif we were to assume that r G 1, then by 2.4 we have m a - n q1 n
. Ž .1 r 1 q a for 0 - a - 1, a contradiction. This proves the theorem in
these cases. Henceforth we may assume n s 5, 6, 7, or 8.
Remark 2.1. For the special case n s 5, if we were to assume that
Ž . Ž . Ž .r G 1 and if we knew that a 3 F a - 1, then 2.9 gives m a - 2.003.j 5 5
However, since
4
F m a - 2.003,Ž .51 q a
we see that a, in fact, lies in the smaller interval AX - a - 1, where5
4
XA s y 1 s 0.997004 ??? .5 2.003
BROWN AND XIANG276
Throughout we let
z y a z y aj k
g s and w s .j kaz y 1 az y 1j k
w x Ž .It is known 6 that if p has the form 2.1 , then
ny1 ny1 < <Ł wks1 k
< <g F . 2.10Ž .Ł j ny1n y aÝ Re wjs1 ks1 k
If in addition p is extremal, then since there is a zero on each closed
< < w xsubarc of z s 1 of length p , it is known 6 that there exist zeros, say
< <  4 Ž 2 .z and z , on z s 1 such that Re w q w F 4ar 1 q a .ny1 ny2 ny1 ny2
Hence we also get the estimate
ny1 ny1 < <Ł wks1 k
< <g F . 2.11Ž .Ł j 2 2 ny3n y 4a r 1 q a y aÝ Re wŽ .Ž .js1 ks1 k
w x Ž .Finally, it was also shown in 6 that for any p g P of the form 2.1n
1
< <if g - , then r - 1, 2.12Ž .j j20 01 q a y a
and hence
M 1
< <if g - , then r - 1, for some j . 2.13Ž .Ł j j 0M 02js1 1 q a y aŽ .
3. PROOF OF MAIN RESULTS
Throughout this section we tacitly assume that n s 5, 6, 7, or 8 and
ny1
p z s z y a z y z , 0 - a - 1 3.1Ž . Ž . Ž . Ž .Ł k
ks1
Ž . Ž . Ž .is extremal: I P s I p s I a s r F r , for j s 1, 2, . . . , n y 1.n 1 j
We will make use of the following results whose proofs are deferred to
Section 4.
w Ž < Ž . <.1r n x Ž . w Ž . xLEMMA 3.1. If 1 y 1 y p 0 F l F sin prn , a a y l r2l )
1, and r G 1 for j s 1, 2, . . . , n y 1, then there exists a critical pointj
z s a q r eiu 0 such that cos u ) ya, i.e., Re z ) 0.0 0 0 0
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< < Ž .nLEMMA 3.2. If z - R ’ 1 y 0.91 , for some zero z / a of ifk n k0 0
Ž 2 Ž 2 .. Ža - A , where A is the smallest positi¤e root of n y 4 x r 1 q x y n yn n
. Ž 2 .ny13 x y 1 q x y x s 0, then r - 1.1
n A Rn n
8 0.4912 ??? 0.5297 ???
7 0.5732 ??? 0.4832 ???
6 0.6929 ??? 0.4321 ???
5 0.8811 ??? 0.3759 ???
Remark 3.1. It is important to point out that these bounds for An
Ž . Ž .satisfy A ) a n y 2 for n s 5, 6, 7, and 8 and hence m a can ben n n
Ž .estimated using 2.9 .
< < Ž .LEMMA 3.3. If z G R , for k s 1, 2, . . . , n y 1, and m a sk n n
ny1Ž 2 .Ý 1rr , thenks1 k
22ny1 < <1 y a p 0 n y 1Ž . Ž . Ž .
< <z G y m a .Ž .Ł j na n y 1 nŽ .js1
LEMMA 3.4. If r G 1, for j s 1, 2, . . . , n y 1 thenj
Ž .ny1 r22 2ny1 ny1 ny1 < <2 z y ak 2< <z F r y 1 y a .Ž .Ł Ł Ýj j 2ž / ½ 5ž / n y 1 rjs1 js1 kks1
< < Ž .LEMMA 3.5. If z G R , r G 1 k, j s 1, 2, . . . , n y 1 andk n j
2n y 1Ž .
m a F U a - ,Ž . Ž .n n n
then
Q a F mU a 3.2Ž . Ž . Ž .n n
where
Ž .2r ny12n y 1 U a n y 1Ž . Ž . Ž .n
Q a ’ y U aŽ . Ž .n n2U a y n y 1 nŽ . Ž .n
Ž .2r ny1n Ž . Ž .ny3 r ny12= r 1 y aŽ .ž /n y 1
and
n y 1 y n n y 1Ž . Ž .n nUm a ’ qŽ .n 2ŽŽny2.rŽny1.. y2ŽŽny2.rŽny1..R R
q Rw2Žny2.Žny2n n.xrŽny1. 3.3Ž .
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Ž . Ž . wwŽ . xxwith R s 2 sin prn r 1 q a and n s n y 1 r2 s smallest integer Gn
Ž .n y 1 r2.
Ž .Proof of Theorem 1.1. We have already shown that I a - 1 when
Ž .n s 2, 3 or 4 and 0 - a - 1. Also we have I 0 - 1 and, by Lemma A,
Ž .I 1 F 1. Let us suppose that n s 5, 6, 7 or 8. Without loss of generality
Ž .we suppose p is extremal and has the form 3.1 with 0 - a - 1. Assume
< <r G 1. By Lemma 3.2 we must then have R F z F 1, for all k s1 n k
1, 2, . . . , n y 1, and A F a - 1, where A is as given in the table forn n
n s 5, 6, 7, and 8. We point out that for the special case n s 5, since
Ž .A ) a 3 , Remark 2.1 allows us to restrict a even further, namely5 5
AX - a - 1. Hence in what follows, we let A s AX s 0.997 ??? . Now using5 5 5
Ž . Ž .the estimates for m a given by 2.9 we check that for n s 5, 6, 7, or 8,n
2n y 1Ž .
m a F U a -Ž . Ž .n n n
and also that
Q a y mU a ) 0, A F a - 1. 3.4Ž . Ž . Ž .n n n
Ž . Ž .We apply Lemma 3.5, but then 3.2 contradicts 3.4 . Hence r - 1.1
Ž .Proof of Corollary 1.1. Since I 0 - 1 and the proof of the theorem
Ž .shows that I a - 1 when 0 - a - 1, we see that p cannot be extremal for
any 0 F a - 1 and n s 2, 3, . . . , 8. Thus since p is extremal, we must have
Ž .a s 1. Hence by Lemma A, the extremal polynomial has the form p z s
nz y 1. The other extremal polynomials are just rotations of p.
4. PROOFS OF LEMMAS
Ž . Ž . Ž . Ž .Recall that p has the form 3.1 , I P s I p s I a s r F r , forn 1 j
j s 1, 2, . . . , n y 1 and n s 5, 6, 7 or 8.
Proof of Lemma 3.1. This proof uses essentially the same idea as in
w x w xBrown 6 . However, here we make use of a result due to Borcea 3 which
w xgeneralizes a result of Bojanov et al. 1 :
LEMMA C. If p g P , 0 - a - 1 and r G 1 for j s 1, 2, . . . , n y 1,n j
< Ž . < Ž .n < < Ž .then p z ) 1 y 1 y l for z y a s l F sin prn .
Using our hypothesis, we apply Lemma C to conclude that
n
< < < < < <p z ) 1 y 1 y l G p 0 , z y a s l.Ž . Ž . Ž .
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< <Since p is univalent in z y a F l, it follows that there exists a unique
< < Ž . Ž .point z with z y a - l such that p 0 s p z . Without loss of general-0 0 0
Ž .ity Im z G 0 else consider p z . By a variant of the Grace]HeawoodŽ .0
Ž w x .theorem see 1 for example , there exists a critical point in each of the
half-planes bounded by the perpendicular bisector G of the segment from0
0 to z . Let z s a q r eiu 0 be the critical point in the half-plane0 0 0
containing z . We claim that G intersects the imaginary axis at a point v0 0 0
< < Ž .outside z s 1 hence Re z ) 0 and so cos u ) ya . To verify this claim0 0
let
a y l
2 2'z* ’ a y l q il .ž /a
< <This is the point on the line which is tangent to the circle z y l s a and
< <which passes through the origin with Im z* ) 0 and z* s a y l. Let G*
< <be the perpendicular bisector of the segment from 0 to z*. Since z* s a
y l, it is evident that G* meets the imaginary axis at a point v* with
Ž .0 - Im v* F Im v . Since Im v* s a a y l r2l ) 1 the claim is proved.0
Remark 4.1. One can easily improve the estimate given in Lemma 3.1
as follows. It is simple to check that the perpendicular bisector G* meets
2 2'Ž .the real axis at the point r* s a a y l r2 a y l . A brief sketch shows
Ž < < .that since r G 1, then cos u ) m y a, where m satisfies m r v* y 10 0 0 0 0
< <s r*r v* . Thus, we obtain
a a y l y 2lŽ .
cos u ) m y a, where m s .0 0 0 2 2'2 a y l
It then follows that
z y a 10
< <g s ) .0 2az y 1 2 2 20 ' 1 y a q a y 2 a 1 y a m y aŽ . Ž . Ž .0
Ž .Proof of Lemma 3.2. From 2.11 it follows that
ny1 1
< <g F ’ f a .Ž .Ł j n2 2n y 4a r 1 q a y n y 3 aŽ . Ž .js1
Ž . Ž . Ž 2 .ny1Now since f 0 s 1rn, we see that f a - 1r 1 q a y a for a -n n
Ž .A for some A ) 0. By 2.13 , we then have r - 1 for some j . Clearlyn n j 00
Ž . 2 ŽA is the smallest positive root of the equation n y n y 3 x y 4 x r 1 qn
2 . Ž 2 .ny1x y 1 q x y x s 0.
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< < Ž .nSuppose now that z - R s 1 y 0.91 . Assume r G 1 for all j sk n j0
1, 2, . . . , n y 1. Thus A F a - 1 by the above. For n s 5, 6, or 7, wen
apply Lemma 3.1 with l s 0.09 to conclude that there exists a critical
point z s a q r eiu 0 such that cos u ) ya. It follows that0 0 0
z y a 10
< <g s )0 2 4'az y 1 1 q a y a0
< < < < <Ž . Ž . <and since z - R we have w - a q R r 1 q aR ’ B . Fromk n k n n n0 0
Ž .2.10 , we conclude that for some g ,j0
ny2 ny1< <g Bj n0 < <- g - ’ c a .Ž .Ł j n2 4' n y a n y 1Ž .js11 q a y a
An easy check shows that
1ny2 2 4'< <g - 1 q a y a c a - , A F a - 1Ž .j n nny20 21 q a y aŽ .
Ž .for n s 5, 6, or 7. Hence by 2.12 , r - 1, a contradiction.j0
Similarly for n s 8 and l s 0.09, we use Remark 4.1 which yields
6 7< <g Bj n0 < <- g F ,Ł jD 8 y 7ajs1
22 2 2 Ž'where D s 1 y a q a y 2 a 1 y a m y a . However, B Dr 8Ž . Ž . Ž .0 n
. Ž 2 .6y 7a - 1r 1 q a y a for A F a - 1, which again gives r - 1, a8 j0
contradiction.
Proof of Lemma 3.3. If z s xeiu and R F x F 1, then we first assertk n
that
< < 2 2 < < 2 2n z y a 1 y z n 1 y ak kq cos u F .2 2ž /< <ž /ž /n y 1 a z n y 1 ar rŽ . Ž .kk k
4.1Ž .
Ž .If cos u F 0 or x s 1, then 4.1 is true. Suppose cos u ) 0 and R F x - 1.n
Let
n y 1 a 1 y x 2Ž .
2 2 2g x ’ x y a q r cos u .Ž . Ž . kž /n x
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Ž . 2It suffices to show g x F 1 y a .
Observe that since r 2 s a2 q x 2 y 2 ax cos u , we havek
22 2 2n y 1 1 y x a q xŽ . Ž .
2 2g x F x y a q ’ G x .Ž . Ž . Ž .2ž /8n x
Ž . 2Now G x F 1 y a holds if and only if
8n
4 2 2 4f x ’ x q x 2 a y q a F 0.Ž . ž /n y 1
Ž . Ž . Ž .An easy check shows that f 1 - 0 and f R - 0 and hence f x - 0n
Ž . Ž . 2for R F x - 1 when n s 5, 6, 7, or 8. Now since g x F G x F 1 y a ,n
Ž .the result 4.1 is proved.
Second, we assert that if r G 1 then1
ny1 1
2Re z F s a y n y 1 1 y a , 4.2Ž . Ž . Ž . Ž .Ý j najs1
Ž . ny1Ž < < 2 2 . 2where s a s Ý z y a rr .n js1 k k
Ž .To see this, observe by 2.5 that we have
< < 2 2w y a 2
< <s 1 y a Re for r s a y w2 ½ 5a y wr
it j Ž .and since z s a q r e , we get from 2.3j j
ny1 1
s a s n y 1 y a ReŽ . Ž . Ýn a y zjjs1
ny1
G n y 1 q a cos t .Ž . Ý j
js1
Ž .Using this we obtain 4.2
ny1 ny1
Re z F a q cos tŽ .Ý Ýj j
js1 js1
s a y n y 1Ž . Ž .nF n y 1 a qŽ . ½ 5a
1
2s s a y n y 1 1 y a .Ž . Ž . Ž .na
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< < iu kLet z s z e and suppose that Re z ) 0 for k s 1, . . . , m and allk k k
other zeros except a lie in Re z F 0. Now we know that
ny1 ny1< <p 0 1 1Ž .
< <z s qÝ Ýj n a zkjs1 ks1
ny1< <p 0 1 1Ž .
G y Re q . 4.3Ž .Ý½ 5n a zkks1
Ž . Ž .Making use of 4.1 , 4.2 , and the fact that the centers of mass of the zeros
and critical points of p are identical, we obtain
ny11 1
Re q Ýa zkks1
2 ny1 ny11 y a 1
s q Re a q z q Re y zÝ Ýk kž /a zkks1 ks1
2 ny1 m 2< <1 y a n 1 y zkF q Re z q cos uÝ Ýj kž / < <a n y 1 zkks1 ks1
22 2ny1 < <1 y a n z y ak 2F q y n y 1 1 y aŽ . Ž .Ý 2ž /a n y 1 a rŽ . kks1
m 2< <1 y zkq cos uÝ k< <zkks1
2 m 2 2< <1 y a n z y aks y n y 1 qŽ . Ý 2½ž /a n y 1 a rŽ . kks1
< < 21 y zkq cos uk 5< <zk
ny1 2 2< <n z y akq Ý 2n y 1 a rŽ . kksmq1
2 m 21 y a n 1 y aŽ .
F y n y 1 qŽ . Ý 2½ 5ž /a n y 1 a rŽ . kks1
ny1n 1
2q 1 y aŽ . Ý 2n y 1 a rŽ . kksmq1
21 y a n
s m a y n y 1 .Ž . Ž .nž /ž /a n y 1
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Ž .This inequality and 4.3 give the desired estimate:
22ny1 < <1 y a p 0 n y 1Ž . Ž . Ž .
< <z G y m a .Ž .Ł j na n y 1 nŽ .js1
ŽIf there are no zeros in Re z ) 0 other than a, then the estimate still
.holds.
Ž . Ž .Proof of Lemma 3.4. Apply the identity 2.5 to 2.3 to get
ny1 2 2 ny1 2 2< < < <a y z a y zj ks n y 1 q 2 ,Ž .Ý Ý2 2r rj kjs1 ks1
and since r G 1, for j s 1, 2, . . . , n y 1,j
ny1 2 ny1 2 2< < < <z z y aj k 2F 2 y n y 1 1 y a .Ž . Ž .Ý Ý2 2r rj kjs1 ks1
Apply the arithmetic]geometric means inequality:
1r2ny11r22 2ny1 ny1 ny1< < < < < <z z 1 zj j js FŁ Ł Ý2 2ž / ž /r n y 1r rjs1 js1j j jjs1
Ž .ny1 r22 2ny1 < <2 z y ak 2F y 1 y a .Ž .Ý 2n y 1 rkks1
Before embarking on the proof of the last lemma, we first prove:
X ny1 Ž 2 2 . 2 < <PROPOSITION 4.1. If s s Ý t y a rr , R F z F t F 1,0 ks1, k / k k k n k k0
Ž .and m s 2r n y 1 , then
m x 2 y a2 rr 2 q s X y 1 y a2Ž . Ž .Ž .k 00
mx
X2 2 2F m 1 y a rr q s y 1 y a , 4.4Ž . Ž . Ž .ž /k 00
< <where R F z F x F 1.n k 0
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Ž .Proof. Without loss of generality x - 1. Note that 4.4 holds if and
only if
2r1 kX X 02 2 2 2 2 m 2 2 2x y a q r s y 1 y a r F x 1 y a q r s y 1 y aŽ . Ž . Ž .k 0 k k 00 0 0½ 5m m
and this holds if and only if
1
X2 m m 2 2 2x y x q 1 y x ya q r s y 1 y a F 0,Ž . Ž . Ž .k 0½ 50 m
if and only if
x 2 y x m 1Ž .
X2 2 2* y a q r s y 1 y a F 0.Ž . Ž .k 0m ½ 501 y x mŽ .
Observe first that
2ny11 1 1 y a 1Ž .
X2 2 2 2 2r s y 1 y a F r 1 y a y y 1 y aŽ . Ž . Ž .Ýk 0 k 2 2½ 50 0m mr rk kks1 0
1
2 2 2 2- 1 y a r m a y q a y x .Ž . Ž .k n½ 50 m
Ž .It follows that * holds if
x m x 2 y 1 1Ž .
2 2** c x ’ q r 1 y a m a y F 0.Ž . Ž . Ž . Ž .n k nm ½ 501 y x m
Ž . mŽ 2 . Ž m.Let H x s x x y 1 r 1 y x and observe that H decreases with x
Ž . Ž .and is negative. Using the estimates for m a given in 2.9 for n s 5, 6, 7,n
or 8, we check that
12 2c x F H R q 1 q a 1 y a U a y - 0, A F a - 1.Ž . Ž . Ž . Ž . Ž .n n n nž /m
Ž .Thus, inequality ** and hence the proposition are true.
Ž .Proof of Lemma 3.5. We apply Lemmas 3.3 and 3.4 with m s 2r n y 1
to get
22 < <1 y a p 0 n y 1Ž . Ž . Ž .
y m aŽ .na n y 1 nŽ .
Ž .ny1 r22 2ny1 ny1 < <z y ak 2F r m y 1 y aŽ .Ł Ýj 2ž / rjs1 kks1
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or
22 ny11 y a n y 1Ž . Ž . Ž .ny1 r2y m a F r F a 4.5Ž . Ž . Ž .Łn j nž /n y 1 nŽ . js1
where
2ny1 2 2 2< <mÝ z y a rr y 1 y aŽ .Ž .ks1 k k
F a ’ .Ž . m m mn < < < < < <z z ??? z1 2 ny1
< < < <Using Proposition 4.1 first with x s z and t s z for k s 2, 3, . . . , n1 k k
y 1, we obtain
2 22 2 ny1 2 2 2< < < <m z y a rr q Ý z y a rr y 1 y aŽ .Ž . Ž .1 1 ks1, k /1 k k
m m m< < < < < <z z ??? z1 2 ny1
2 2 ny1 2 2 2 2m 1 y a rr q Ý t y a rr y 1 y aŽ . Ž .Ž .1 ks1, k /1 k kF .m m mt t ??? t2 3 ny1
< < < <Now let x s t s z , t s 1, and t s z for k s 3, 4, . . . , n y 1 and2 2 1 k k
apply Proposition 4.1 to the right-hand side to get
2 2 ny1 2 2 2 2m 1 y a rr q Ý t y a rr y 1 y aŽ . Ž .Ž .2 ks1, k / 2 k k
F a F .Ž .n m m mt t ??? t3 4 ny1
< < < <Next, we let x s t s z , t s t s 1, and t s z for k s 4, . . . , n y 1.3 3 1 2 k k
After applying Proposition 4.1 n y 1 times we conclude that
2F a F 1 y a mm a y 1 .Ž . Ž . Ž .n n
Ž Ž . Ž . Ž .Since r G 1, we already pointed out that m a G n y 1 r 1 q a )1 n
. Ž .1rm. Hence 4.5 then yields
2nr n y 1 n y 1 rn y m aŽ . Ž . Ž .Ž . n
Ž .ny3 r221 y aŽ .
Ž .ny1 r2ny1 ny12 1
F n r y 1 . 4.6Ž .Ł Ýj 2ž / n y 1 rjs1 kks1
Ž .The next step is to estimate the right-hand side of 4.6 . To do this we note
that
Ž .2r ny1ny1 ny1 ny11 1
n r s , 4.7Ž .Ł Ý Ýj 2 2ž / r Rjs1 k kks1 ks1
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where
rk
R s for k s 1, 2, . . . , n y 1.k Ž .1r ny1ny1Ł rŽ .ks1 k
Ž . Ž .Note also that since r G 1, the estimate 2.4 gives 2 sin prn F r F 11 k
q a and hence
RŽny2.rŽny1. F R F RyŽŽ ny2.rŽny1.. ,k
Ž . Ž . ny1where R s 2 sin prn r 1 q a . Clearly Ł R s 1. Using Lemma B, weks1 k
choose the smallest integer n such that
nny1ynŽny2.rŽny1. yŽŽny2.rŽny1.. wŽny2.Žny1y2n .rŽny1.xR R s R G 1.Ž . Ž .
4.8Ž .
Ž .If n G 5 and a ) 2 sin pr5 y 1 s 0.1755 ??? , we see that R - 1 and
Ž . Ž .hence 4.8 holds when n G n y 1 r2. Let n s the smallest integern
Ž .G n y 1 r2. From Lemma B we then conclude that
ny1 1
UF m a , 4.9Ž . Ž .Ý n2Rkks1
U Ž . Ž .where m a is defined by 3.3 .n
Ž . Ž . Ž .Using 4.9 and 4.7 in 4.6 we see that
2n n y 1Ž . Ž .ny3 r22y m a r 1 y aŽ . Ž .nž /n y 1 n
Ž .ny1 r2Ž .2r ny1ny12
UF m a y n r . 4.10Ž . Ž .Łn jž /n y 1 js1
Ž .On the other hand 4.6 also yields
Ž .2r ny12Ž .2r ny1n n y 1Ž . Ž . Ž .ny3 r ny12y m a 1 y aŽ . Ž .nž /n y 1 n
Ž .2r ny1ny12
= m a y 1 F n r . 4.11Ž . Ž .Łn jž / ž /n y 1 js1
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Ž .Using this inequality in 4.10 we have
Ž .2r ny12Ž .2r ny1n n y 1Ž . Ž . Ž .ny3 r ny12y m a 1 y aŽ . Ž .nž /n y 1 n
n y 1 m aŽ . Ž .n U= F m a .Ž .n2m a y n y 1Ž . Ž .n
Ž .The result now follows by observing that m r 2m y n q 1 is a decreas-n n
ing function of m .n
5. REMARKS
This technique is useful in studying the Sendov conjecture but cannot as
yet provide a proof for arbitrary n. The principal drawback to this
ny1Ž 2 . Ž .2technique is the requirement that Ý 1rr - n y 1 rn. We can,ks1 k
however, use the technique to prove the conjecture for polynomials of
arbitrary degree n, but with at most eight distinct zeros.
Ž . 8 Ž .m k 8THEOREM 5.1. If p z s Ł z y z g P ,Ý m s n, then eachks1 k n ks1 k
< <of the disks z y z F 1 for k s 1, 2, . . . , 8 contains a critical point of p.k
Ž .Proof. Let P 8 ; P denote the class of all polynomials in P with atn n n
w xmost eight distinct zeros. It was shown in 5 that there still exists an
Ž . Ž Ž .. Ž . Ž . Žextremal polynomial p g P 8 with I P 8 s I p s I a . By a rota-n n
.tion, we assume that 0 F a F 1. If a s 0, a s 1 or a is not a simple zero
Ž .then I a F 1 and we are done. Hence we assume p is extremal and has
the form
7 7
m kp z s z y a z y z , 0 - a - 1 with m s n y 1.Ž . Ž . Ž .Ł Ýk k
ks1 ks1
5.1Ž .
Note also that
7 7
m y1kp9 z s n z y z z y z . 5.2Ž . Ž . Ž .Ž .Ł Łj kž /ž /js1 ks1
BROWN AND XIANG288
Ž . Ž . Ž .Because of 5.2 , we see that 2.10 and 2.11 give
7 7 7 m k< <Ł wks1 km y1k< < < <g w FŁ Łj k 7ž /ž / n y aÝ m Re wjs1 ks1 ks1 k k
7 < < m kŁ wks1 kF . 5.3Ž .2 2n y 4a r 1 q a y n y 3 aŽ . Ž .
It follows that
7 1 1
< <g F F . 5.4Ž .Ł j 2 2n y n y 1 a n y 4a r 1 q a y n y 3 aŽ . Ž . Ž .ks1
Ž .If n G 11, then by 5.4
7 1 1
< <g F FŁ j 72n y n y 1 aŽ .js1 1 q a y aŽ .
Ž .for all 0 - a - 1, and by 2.13 we get r F 1, so we are done. In view ofj0
Theorem 1.1, there are only two cases remaining: n s 9 and n s 10. Note
that
7 1 1
< <g F FŁ j 72 2 2n y 4a r 1 q a y n y 3 aŽ . Ž .js1 1 q a y aŽ .
for n s 9 if a ) 0.918 or a - 0.562; and for n s 10 if a ) 0.8 or a - 0.68.
For the remainder of this proof we assume, by way of contradiction, that
Ž .r G 1 for j s 1, 2, . . . , n y 1. Hence by 2.13 when n s 9, we must havej
0.562 F a F 0.918; while for n s 10, we have 0.68 F a F 0.8.
n s 10: In this case we first assert that the extremal polynomial can
only have two possible forms,
3p z s z y a z y z z y z Q zŽ . Ž . Ž . Ž . Ž .0 6 5.5Ž .2 2or p z s z y a z y z z y z Q z ,Ž . Ž . Ž . Ž . Ž .0 6
Ž . 5 Ž .where Q z s Ł z y z and all the z are distinct. To see this,ks1 k k
suppose p has neither of these forms, then since n s 10 and there are at
most eight distinct zeros, p9 would have three of its nine zeros in common
Ž .with p and from 5.3 we can now cancel three common terms to obtain
6 1
< <g F .Ł j 10 y 9ajs1
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Ž . Ž 2 .6Now since 1r 10 y 9a - 1r 1 q a y a for 0.68 F a F 0.8, it follows
that r - 1 for some j . Contradiction. Hence p has one of the formsj 00
Ž .5.5 .
Next, there are at most two zeros z / a in Re z G 0. If there are threek
Ž 2 .or more, then for each such z , we know that Re w F 2 ar 1 q a .k k
Ž .Hence 5.3 yields
7 1
< <g F . 5.6Ž .Ł j 210 y a 6ar 1 q a q 6Ž .Ž .js1
< < w Ž 2 .x ŽNow note that since r G 1, we have g G r r 1 y a q ar G 1r 1 qj j j j
2 .a y a and so
7r1 1j1 < <F g F .Ý j6 222 10 y a 6ar 1 q a q 6Ž .1 y a q ar Ž .Ž .1 q a y aŽ . js1j1
Hence
1 y a2Ž .
r F - 1, for 0.68 F a F 0.8,j1 h a y aŽ .Ž .
where
10 y a 6ar 1 q a2 q 6Ž .Ž .
h a s .Ž . 621 q a y aŽ .
Contradiction. Thus Re z G 0 contains at most two zeros z / a.k
Case 1. There is a repeated zero in Re z G 0. If z is repeated andk 0
Ž .Re z G 0, then by the above and 5.5 this is the only zero in this regionk 0
< <other than a. By the extremality of p, we must have z s 1 and wek 0
pointed out earlier that there must exist another zero, say z , such that1
< < Ž . 2 Ž 2 .z s 1 and Re w q w F 4a r 1 q a . However, w is repeated and1 k 1 k0 0
Ž .so we obtain inequality 5.6 again and by the above, r - 1, a contradic-j1
tion.
ŽCase 2. No repeated zeros in Re z G 0. In this case, we let l s 1 y 1
.1r10 Ž .y a and observe that a a y l r2l ) 1 for 0.68 F a F 0.8 and hence
Lemma 3.1 gives the existence of a critical point z with Re z ) 0 and0 0
2 4'< <hence g ) 1r 1 q a y a . Now since there are no repeated zeros in0
Ž .Re z G 0, we obtain from 5.4 that for some g ,j0
6 7< <g 1j0 < <- g F .Ł j2 4' 10 y 9ajs11 q a y a
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2 4 2 6' Ž . Ž .Since 1 q a y a r 10 y 9a - 1r 1 q a y a , for 0.68 F a F 0.8, we
Ž .get by 2.12 that r - 1, a contradiction.j0
n s 9: Here we want to be able to apply Lemma 3.5 and get a
Ž .contradiction to 3.2 as in the proof of Theorem 1.1. Tracing back, we
must verify several preliminary results.
1We set R s and A s 0.562. Since p is extremal and r G 1, we9 9 j2
assert that it must have the form
6
2p z s z y a z y z z y z , z distinct. 5.7Ž . Ž . Ž . Ž . Ž .Ł0 k k
ks1
Ž .If not, then p and p9 have two zeros in common and 5.3 gives
6 1 1
< <g F - , 0.562 F a F 0.918Ł j 629 y 8ajs1 1 q a y aŽ .
and so r - 1, for some j , a contradiction. Thus p has only one repeatedj 00
zero.
Ž .1r9 Ž .If we let l s 1 y 1 y a , then a a y l r2l ) 1 for 0.562 F a F
0.918 and so by Lemma 3.1 and Remark 4.1, there exists a critical point
iu 0 Žz s a q r e such that cos u ) m y a, where m s a a y0 0 0 0 0
2 2'. Ž .l r 2 a y l . If the repeated zero z satisfies Re z - 0, then z / z0 0 0 0
Ž .and so from 5.4 , for some j0
6 7< <g 1j0 < <- g F ,Ł j 2D 9 y a 4ar 1 q a q 6Ž .Ž .js1
22 2 2'where D s 1 y a q a y 2 a 1 y a m y a . It is easy to checkŽ . Ž . Ž .0
that
D 1
F 62 29 y a 4ar 1 q a q 6Ž .Ž . 1 q a y aŽ .
for 0.562 F a F 0.918. Hence r - 1, a contradiction. Thus we must havej0
Re z G 0.0
We also need the estimate
8 1
< <m a s F 5.95 r s r s a y z . 5.8Ž . Ž .Ž .Ý9 7 8 02rkks1
< <To verify this we set r s a y z and note that since z is repeated0 0
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Ž .r s r s r s r , Re z G 0 and r G 1, we must have7 8 8 0 j
2'1 F r F 1 q a
p
R ’ 2 sin F r F 1 q a for k s 1, 2, . . . , 6k9
Ž .and by 2.2
6 9
r G ’ C.Ł k 2'ks1 1 q a
Let
6log CrRŽ .
n s
log 1 q a rRŽ .Ž .
and observe that n G 5. From Lemma B we conclude that
2ny16yn8 ¡ ƒ1 6 y n n y 1 R 1 q aŽ . Ž . Ž .~ ¥m a s F 2 q q qŽ . Ý9 2 2 2¢ §Cr R 1 q aŽ .kks1
’ B a, n .Ž .
Ž . Ž .Clearly if a - 0.7, then B a, 6 - B a, 5 ; while if a G 0.7, then n s 5. It
Ž . Ž . Ž .follows that m a F B a, 5 F B 0.562, 5 F 5.95 for 0.562 F a F 0.918,9
Ž .and this verifies 5.8 .
Ž .Lemma 3.3 will hold if inequality 4.1 holds and thus it suffices to show
4 2Ž 2 . 4that x q x 2 a y 9 q a F 0 for A F a - 1 and R F x - 1. This is9 9
clearly true. Lemma 3.4 holds in any case. Lemma 3.5 can be applied if
2 2c x F H 0.5 q 1 q a 1 y aŽ . Ž . Ž . Ž .9
= U a y 4 - 0, A F a F 0.918.Ž .Ž .9 9
Ž .If we let U a ’ 5.95, then this holds. Thus we are now in a position to9
Ž .apply Lemma 3.5. Using U a s 5.95, we compute, as in the proof of9
Ž . U Ž .Theorem 1.1, that Q a y m a ) 0 for A F a F 0.918, contradicting9 9 9
Ž .3.2 . This completes the proof of the theorem.
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